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Abstract. Denote by Q the set of triples (T,X,B), where T is a finite 
X-symmetric graph of valency val(T) > 1, 23 is a nontrivial X-invariant 
^ | partition of V(T) such that Tg, the quotient graph of T with respect to B, 

is nonempty and T is not a multicover of IV In this article, for any given 
X-symmetric graph E, we aim to give a sufficient and necessary condition for 
the existence of (T, X, B) G Q, such that = E and T is (X, s)-arc-transitive 
for some integer s > 1. And in this condition, a practicable method will be 
given to construct such an (X, s)-arc-transitive graph T. Moreover, for any 
(r, X, B) G Q, we will show that there exists a finite integer m > 1, such that 
after m times of such constructing process, we can obtain an X-symmetric 
graph Tg m from Tg, such that either T = or T is a multicover of Ts m . 
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\0 , Keywords: symmetric graph; s-arc-transitive graph; imprimitive graph; 

| quotient graph; double-star graph. 
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^ ■ 1 Introduction and Notation 

o 

In this paper, all graphs related are assumed to be finite, simple, nonempty 
^ ■ and undirected. 

H ' 

Let E be a regular graph with vertex set ^(E), edge set -E'(E) and valency 
b > 1. Let <p := (er o ,0"i, • • • , &i) be an (l + l)-sequence of V(E), where 1 > is 
an integer. Then <u is called an 1-arc of E if and only if {o"j, <Tj+i} G E(E) for 
i — 0, 1, . . . , 1 — 1, and a"j_i ^ <Tj + i for i — 1, 2, ... ,1 — 1. Denote by v4rci(E) 
the set of 1-arcs of E. In the case of 1 = 1, we use arc in place of 1-arc, and 
Arc(E) in place of Arci(E). For any = (cr , a"i, . . . , <j\) G ArciiT) and two 
integers i, j such that < i < j < I, let '■= (cj, Cj+i, • • • , ffj), then 

iu(z, j) G ArCj_j(E). 

For any a G V(E), let Arc^E, o) := {«j G Arc 1 (E)| jj(0, 0) = (a)}. When 
1 = 1, we use E[ct] in place of v4rci(E,cr). For a nonempty subset § of 
A"Ci(E,<t) and an integer i such that < i < 1, let S(z) := {<u(0, z)| <u G 
§} C ArCi(E,(j). And for © G S(i), let S„ := {0 G S| 57 (0, z) = ©}. In 
the case of 1 > 1, for any (<7o,To) G §(1), let S T0 := {(ro,Ti,--- , Tj-i) G 
Arci_i(E)|(o- ,r ,ri, ■ ■ • ,n_i) G §} U {(r , cr , o"i, • • • ,01-2) e Arc 1 _i(E)|(cr , 
cxi, • ■ ■ , «7i_ 2 ) G §(1 - 2)}. Then § T0 = {(r )} if and only if 1 = 1. 
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Obviously, {Arci(E, a)\a G V(E)}, where 1 > 1, is a partition of Arci(E), 
and this partition is nontrivial when b > 2. So, it is natural for us to study 
ArciiTi) through the investigation of Arci(Y,,a) for a G V(E). 

Let a G V(E), r be an integer such that 1 < r < b. For § C Arci(S,a), 
where 1 > 0, § is called an {[{-star of E with center a if and only if one of 
the following three cases occurs: 

(1) . 1 = 0, § = {(a)} is called a 0-star. 

(2) . 1 = 1, and \S\ = r. 

(3) . 1 > 2, §(1-1) is an iJLj-star of E, and for any <b G §(1-1), |§ ra | = r-1. 

Clearly, for any § C Arci(E, a) and r G V(E) such that (cr, r) G §(1), where 
1 > 1, if § is an {[{-star of E, then § r is an {[_ 1 }-star of E. Hereafter, for any 
{[{-star § of E, we use £s(§) to denote the center of § in E. 

Denote by ^[(E) the set of {[{-stars of E. In the case of 1 = 1, we use r-star 
and SY r (E) in place of {^}-star and St\(E), respectively 

Let E be an X-symmetric graph with valency b > 1. For § C Arci(T,,a), 
where 1 > is an integer, denote by X§ the set-wise stabilizer of X on §, 
then X a = X S (o) > X S (i) > • ■ ■ > Xs(i-i) > X S(I) = X s . For any integer s 
with 1 < s < 1, § is said to be (X§, s)-arc-transitive if and only if X§ acts 
transitively on §(s). 

An X-orbit S of S'tjf(E) is said to be (X, s)-arc-transitive, where 1 < s < 1, 
if and only if any § G 5* is (X§, s)-arc-transitive. Clearly, if § is (X§, ^-arc- 
transitive for some integer s > 2, then § is (X§, s — l)-arc-transitive. 



For §, T G St\(E), where 1 > 1, let £ E (S) = a, € S (T) = r. (§, T) is called a 
(0-double-star of E, if and only if (a, r) G §(1), (r, a) G R(l), § T = T(l - 1) 
and T a = §(1 — 1). We depict a (^D-star and a ([gl-double-star in Figure 1. 



> 




a star 



a double-star 



Figure 1. A star and a double-star 
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Denote by DStfCE) the set of {[{-double-stars of E, where 1 > 1. In the case 
of 1 = 1, we use r-double-star and DSt T (T,) in place of (^{-double-star and 
DSt\(T,), respectively. A subset 6 of DStl is said to be self-paired if and 
only if (8, T) G always implies that (T, 8) G 0. 

For 1 < s < 1, an A-orbit of DSt^T,) is said to be (A, s)-arc-transitive, 
if and only if any § G St(Q) := {L, R|(L, R) G 0} is (X§, s)-arc-transitive. A 
self-paired (X, l)-arc-transitive orbit of DStl(E) is said to be A-symmetric. 

Let T be a finite A-symmetric graph with vertex set V(T) and edge set -E'(r). 
A partition B on V(T) with \B\ > 2 is said to be A-invariant if and only 
if for any B G B and x G A, B x := {o~ x '|cr G B} G B. In this case, the 
quotient graph Tg of V with respect to B is defined to be with vertex set B, 
and for B,C G B, B adjacent to C if and only if there exists some a G B 
adjacent to some r G C. We always assume that Tg is nonempty, which 
implies that T B is A-symmetric, and by [I], any B G B is an independent 
set of T. For any a G V(r), B G B, let T(cr) be the neighborhood of a 
in T, T B (B) be the neighborhood of B in T B , T(B) := [J teB F(i), T B (a) : = 
{C G B\a G r(C)}. For any (5,C) G Arc(r B ) and a G V(T), denote by 
r[5,C] the bipartite subgraph of T induced by (F(B) nC)U(Bn r(C)). 
Let v := \B\, k := \T(B)f]C\, r := \T B (a)\, b := val(T B ), d := val(T[B,C]), 
then p{T, A, £>) := (v, k, r, b, d) is independent of the choice of a G V(r) and 
(B,C) G Arc{T B ). When v = 1, we say B — 1 is trivial. Otherwise, i> > 2 
and we say 23 > 1 is nontrivial. When B > 1 and f = A; > 2, T is called a 
multicover of r#. A multicover T of T B is called a cover of if and only if 
d=l. 

In this paper, we mainly discuss the case of v > k > 1, that is, B > 1 and T 
is not a multicover of T B . The following is a summary of our main results: 

Theorem 1.1 Let E be a finite X -symmetric graph with valency h > 2, and 
let s > 1 be an integer. Then there exists a finite (A, s)- arc- transitive graph 
T with a nontrivial X -invariant partition B on ^(r), such that T B = E and 
1 < r < to — 1, if and only if one of the following cases occurs: 

(a) , s — 1, there exists an X -symmetric orbit on DSt r (T,). 

(b) . s > 2 ; r = 1, and /or any {<r, r} G -E'(E), i/iere exists a bipartite 

(A{ CT;T }, s)- arc- transitive graph \1/ sitc/i i/iai /or any G -E'(^ r )j 

A^, < A( (TiT ) ; A{^, i5 } < Ajo-^} and X^^} \ A( (JjT ) 7^ 0. 

(c) . s > 2, to > 3, r > 2, there exists a self-paired (A, s)- arc-transitive 

orbit on DSt[(T,), where 1 > s is a finite integer, such that for any 
(S, T) G £ S (S) = o- and £ S (T) = r, A § n A T = A T n X a . 

More details about the case of s — 1 will been seen in Section [2J where we 
will discuss the double-stars and the double-star graph construction. As for 
the case of s > 2, we will discuss the {[{-double-stars and the corresponding 
graph construction in Section [3] 
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2 Double-star graphs 



In this section, we aim to find a practicable method to approach T for a given 
quotient Tg. The method is mainly based on the following double-star graph 
construction. 

Construction 2.1 Let E be a finite X -symmetric graph with valency h > 1. 
// E contains an X -symmetric orbit on DSt T (Y,), where 1 < r < b, then 
the double-star graph II(E, G) o/E with respect to is defined to be the graph 
with vertex set St(Q), and edge set {{§, T}|(S, T) G 0}. 

For the sake of convenient, we denote by G the set of the triples (E,X, 0), 
where E is a finite X-symmetric graph with valency b > 2, is an X- 
symmetric orbit on Z^S't[(E), where 1 > 1 and 1 < r < b — 1. And for any 
(E, X, 0) G G, let p(E, X, 0) = (b, r, 1). In the case of 1 = 1, we use (b, r) 
short for (b, r, 1). 

Also, we use Q to denote the set of triples (r,X, £>), where T is a finite X- 
symmetric graph, B is a nontrivial X-invariant partition of V(T) such that 
r,g is nonempty and T is not a multicover of Tg. 

Let T be an X-symmetric graph with an X-invariant partition B on V(T), 
such that val(Tg) > 1. Then for any a G V(T), T B [a] := {(B,C) G 
Arc(Ti3)\o~ G B} is an r-star of Tg with center B G B such that a E B. More- 
over, for any r-star § of Tjg with center B G B, let £r(§>) := H(b c)e$(B H 
r(C)). Then, for any a" G -B G i3, it is clear that o" G (^(r^fcr]) C 5, and 
that ^r(re[°"]) = B if and only if r = 6 (and v = k), that is, B = 1 or T is a 
multicover of Tg. 

Theorem 2.2 Lei (E,X,0) G G, n = n(E,6), S = St(0), U = n(E,0) ; 
S = {S a \a G V(E)}, where S a := {§ G 5|C S (§) = a} for any a G V(E). 
Then (II, X, 5) G £ swc/i t/iat II5 = E. Moreover, for any § G S = ^(n), 
n 5 [S] = {(5^,^)1^, r) G §} and £ n (n 5 [S]) = {§}. 

Proof. It is not difficult to check that 5 is a nontrivial X-invariant partition 
of V(II). Note that a <-> 5 CT , where <r G V(E), is a bijection between E and 
U Si so n 5 = E. 

Let p(E,X,0) = (b,r,l) and let p(IL,X,S) = (y,k,r,b,d), then b = b < 
r — 1 = r — 1 and hence (II, X, S) G 

For any § 6 S = V(II), we have n 5 [S] = {(S a: S T )\ § G 5 a G S, S r G 
n 5 (§)} = {(S^S^IS G S CT G S and 3M G S T such that (S,R) G 0} = 
{(S a ,S T )\(a,r)e§}. 

For any § G S a G 5, where cr G V(E), it is clear that § G £n(§>) C S a . 
For any L G £ n (n 5 [§]), we have n 5 [S] C U s [h}. For any (a, r) G S, then 
(£ CT ,£ r ) G n 5 [§] C n 5 [L]^L G S CT G <S and there exists R E S T such that 
(L, R) G 6=K<r, r) G L, it follows that S C L. Note that |S| = |L| = r, hence 
L = M, and so we have £n(n 5 [§]) = {§}. I 



4 



Let B\ and £> 2 be two X-invariant partitions on V(r). Denote by £> 2 < B\ 
(or £>i > B2) that B2 is a refinement of B±, and by £>2 < B\ (or Bi > <B 2 ) 
that £>2 is a proper refinement of B\. For two X- invariant partitions B±, B2 
of V(T) such that £1 > B 2 , let Si/B 2 := {{5 2 G #2 1 #2 C £ £1}, 

then it is clear that B1/B2 is an X-invariant partition on V^r^), such that 
(rB 2 )s 1 /B 2 — r Bl , and that Bi/B 2 is nontrivial if and only if B\ > B 2 . 

The following lemma shows that there exists a natural refinement of B for 
any (r, X, B) G This can be seen as an access to the structure of Y. 

Lemma 2.3 Let (T,X,B) G Q with p{T,X,B) = (v,k,r,b,d), S {01) := 
{r B [r]\r G V(T)}, 6(0,!) := {(T B [r],T B [a])\(r, a) G Arc(T)}, then s' m is 
an X -symmetric orbit on St r (T B ) while ©(0,1) is an X -symmetric orbit on 
DSt r {Y B ) such that S {0 ,i) = 5t(©(o,i))- LetB 1 = £ r (5(o,i)) := {£ r (§)|S e 
5(0,1)}- Then all of the following cases hold: 

(1) . B\ is an X-invariant partition ofV(T), such that B > B\ > 1. Let 

p(T,X,Bi) = (vi,ki,rx,bi,di), then v\ = \€-r(S)\ > 1 for any § G 
5(0,1). Further, Vi\(v,k), r\(r 1 ,bi), d\\d, V\T\ = b\ki, ridi = rd = 
val(T). 

(2) . (r Sl ,X,£/£i) G g withpiT^X.B/BJ = (v/v^k/v^r, 6, b x jr), such 

that (r Bl ) B/Bl T B and T Bl * U(T B , ©(0,1)). 

Moreover, one of the following cases occurs: 

(a) , = /ci = 1, r = IT(r,g, 0(o,i)), and X acts faithfully on B if and only 

if X acts faithfully on V(r). 

(b) . V\ = k\ > 2, and T is a multicover ofT Bl . 

(c) . vi > h> 1, and (T,X,Bi) G Q. 

Proof. It is not difficult to check that 5(o,i) is an X-symmetric orbit on 
St r (T B ), ©(0,1) is a self-paired X-symmetric orbit on DSt r (T B ), 5(o,i) = 
^(0(o,i))- 

(1). For any (B, C) G S = r B [er] G 5(0,1), where a G B G B, by the previous 
analysis, C {a} C £ r (S). Additionally, £ r (S) C T(C) D B, hence 
1 < |£r(S)| < k. For any x G X, since £ r (§) x = £r(§ x ), hence Bx is 
an X-invariant partition of V(T) and is a proper refinement of B, such 
that 1 < Bi < B. Thus v\ = |<£r(§)| G is independent of the 

choice of S G 5( ,i) and v±\v. 

Obviously, Xy(c)c\B acts transitively on Y(C)C\B. Consider {C r (r B [cr])| 
a G r(C) fl -B}, easy checking shows that it is an Xr(c*)nB-i nv ariant 
partition of Y{C) fl B, so v±\k, and hence vi\(v, k). 



5 



It is clear that V\ri = b\ki and r\di = rd = val(T). For any o G B, as T 
is X-symmetric, X a nlr(a)nc acts transitively on T(a) C\C. Moreover, 
it is easy to check that {T(a)nCi\Ci G B\, C\ C C} is an X a nX r ^ nC - 
invariant partition of T(a) PI C, hence r^jr = d/di = \{T(a) PI Ci\C\ G 
Bi,Ci C C}\ G Z+. Further, for S x G Bi such that Bj C 5 G 6, it 
is not difficult to see that {{d G r Bl (Si)|Ci C n r(5 1 ) ^ 0} is 

an X^-invariant partition of an Xb 1 -transitive set r Bl (S!). Thus bi = 
|r Hl (^i)| is divided by r = |{{d G ^(BOId C C^Cnr^) ^ 0}|, 
and hence r|(ri, &i). 

(2). Easy checking shows that (r Bl , X, B/B\) G that (r Bl ) B / Bl = r B and 
that r Bl = II(r B , 0(o,i))- Denote by (^01,^01,^01,^01,^01) the param- 
eters of (T Bi ,X,B/bI), then for any B G 23, as {Si G Si|Si C B} 
is an X^-invariant partition of B and X# acts transitively on B, we 
have v m = |{S X G #i|Si C S}| = v/t^. For (B,C) G Arc(r B ), since 
X (B|C ) acts transitively on B n r(C), and {S x G C B n r(C)} 

is an X( B ^-invariant partition of S D T(C), so fc i = |{Si G /3|Si C 
S PI r(C)}| = k/v\. It is clear that r 01 = r, 6 01 = 6 = t>a/(r B ). For 
Si G Bi, by the analysis in (1), {{d G r Bl (Si)|Ci C C}|Cnr(S 1 ) ^ 
0} is an X^-invariant partition of an Xb 1 -transitive set r Bl (Si), so 

61 = |r Bl (Si)| = |{{Ci g resold c c}\cnr(B 1 ) + 0}| ■ |{s x g 

r Bl (Si)|Di C S}| = r • dm, where D £ B such that S n r(Si) ^ 0. 
Hence we have d i — bi/r. 

As 1 < ki < v%, one of the following cases occurs: 

(a) . v\ — k\ — 1. In this case B\ = 1 and hence T = r Bl = II(r B , 0). On 

the one hand, it is clear that f] yG v(r) -^-i — Ob&b-X-b- On the other 
hand, f) BeB X B = r\ BeB (r\cer B (B) X (b,c)) < ClBeBiOjeB X m) = 
n 7e y(r) X 2r(r[ 7 ])- B Y Theorem £2J £r(r[ 7 ]) = {7}, so f] BeB X B < 
n 7 ev(r) X i- ft follows that Hbgb^ 5 = f^eWr) ^7> anc l nence acts 
faithfully on B if and only if X acts faithfully on V(r). 

(b) . V\ = k\ > 2. In this case B\ is nontrivial and V\ = ki, hence T is a 

multicover of r Bl . 

(c) . vi > ki > 1. In this case £>i is nontrivial and ki < Vi, hence 

(T,X,B 1 )eG. 



In the following theorem, we will show that for any (T,X,B) G Q, we can 
construct the minimum imprimitive graph T Bm from T B through double-star 
graph construction, such that (T,X,B m ) G Q and either T = T Bm or V is 
a multicover of r Bm . Meanwhile, we will characterize the structure of V by 
counting some important parameters. 



6 



Theorem 2.4 Let (T,X,B) G G withp(T,B) = (v,k,r,b,d), and let 
{v,k)=p^---p n t \ (i = l,..-,t), 

where pi < ■ ■ ■ < p t are primes. Then there exists an (m+l)-sequence, where 
1 < m < X^=i n « + 1; of X -invariant partitions 

B = B > Bi > • ■ ■ > B m _i > £ m > 1 

on V(r) with p(T, Bi) = (v^, ki, r iy bi, di) for i = 0, • • • , m, such that all the 
following statements hold: 

(1) . (V,X,Bi) G g, Vi > 2 and 1 < h < Vi - 1 for i = 0,1,..., m- 1. 

(2) . v i+1 \(vi, k^ , ri\(r i+1 ,bi +1 ) and d i+1 \di fori = 0,1,. ..,m. Moreover, 

v i r i = biki, ridi = val(T) for i — 0, 1, . . . , m. 

(3) . Let % m) := {T Bi [r}\r G V(T)}, e (M+1) := {(r Bj [r], r a ,[ ff ])|(r, a) G 

Arc(T)}, then Sni+i) = St(Q^i + W) is an X-symmetric orbit on St^^T^) 
and 0(^+1) is a self-paired X-symmetric orbit on DSt ri {Tsi) for i = 
0,1,.. . ,m-l. Moreover, B i+1 = £ r (%i+i)) andT Bt+1 = U(T Bi , 6(i,i+i)) 
/or z = 0, 1, . . . , m — 1. 

(4) . (T B .,X,Bi/Bj) G ^ with parameters (vi/vj,ki/vj,ri,bi,bj/ri) such that 

(TbM/Bj =rWorO<z<j<m. 

(5) . Either of the following two cases occurs: 

(5.1) . u m = fc m = 1, B m = 1 and T = n(r Sm _ 1 , e (m _i. m) ). Additionally, 

X is faithful on Bi if and only if X if faithful on V(r), for < 
i < m. 

(5.2) . v m = k m > 2, B m is a nontrivial X-invariant partition ofV{T), 

such that r is a multicover ofT Bm . Additionally, X is faithful on 
Bi if and only if X is faithful on Bj, for < %, j < m. 

Proof. For any integer m > 1, denote by Q(m) the set of triples (T,X,B) e Q 
with an (m + l)-sequence of X-invariant partitions 

B = B > ■ ■ ■ > B m > 1 

on V(r) such that cases (l)-(4) hold. Then by Lemma [2.3[ ^(1) = Q, that 
is, for any given (T,X,B) G Q, there always exists some m > 1 such that 
(r, X, B) G Note that T is finite, we can choose m to be the maximum. 

In this (r, X, B m ) G Q, by Lemma \2.'S\ one of the following three 

cases occurs: 

(5.1) v m = k m = 1, B m = 1 and T = H(T Bm l , 0( m _i im )). 

(5.2) v rn = k m > 2, and T is a multicover of T Bm . 
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(5.3) v m > k m > 1, and (F,X,B m ) E Q. In this case, let S( m>m+1 ) = 
{^B m [r]\r E V(F)}, B m+ i = £r(£( m ,m+i)), then by Lemma [231 the 
(m + 2)-sequence E = Eq > ■ • • > E m+ i satisfies cases (l)-(4), and 
hence (T, X, E) E Q{m + 1), which is contrary to the maximality of m. 

Now we are going to bound m. From the analysis above we have (v, k) > 
v i > v 2 > • • • > v m > 1 and Uj+i|i>j for % — 0, 1, • • • , m — 1. So m is no 
more than the length of the longest factor-chain of (v, k) = p™ 1 ■ ■ that 
is, 1 < m < Y? i= i n i + 1- 



Corollary 2.5 Let {T,X,B) E Q such that (v, k) = I, then V ^ II(r B ,Q), 
where = {(T^fa], r,g[r])|(o", r) E Arc(T)} is an X -symmetric orbit on 
DSt r (T B ). 

3 {[{-double-star graphs 

In this section, in order to discuss the higher transitivity of the imprimitive 
graphs which are not multicovers, we will discuss the {[{-double-stars and 
the corresponding imprimitive graphs constructed from such double-stars. 

In the following three lemmas, we aim to show that in certain conditions, we 
can obtain a set of {[ +1 ])-double-stars from a set of {[{-double-stars. 

Lemma 3.1 Let X be a finite X -symmetric graph with valency h > 2, 
G be an (X, 1)- arc- transitive orbit on DSt^T,), S = St(Q), where 1 > 
1, 2 < r < b. For any § E S with center a E V(E), let ©+(§) : = 
{R E S\(S,R) E 6}, e~(S) := {L E 5|(L,S) E Q}, and let 0*[S] := 
UTeens)^ " ' 7 " ' 1 " 1 '"' ' r i-i' r i) G ^ rc i+i( s ? ^0)1(^0, T , n, ■■ ■ ,r w ) E S, (r 0; 
r ij ' ' ' i r H) r i) E T} for * = +, — . Then all of the following cases hold: 

(1) . e*[S] C Arc l+1 (E,a ), 6*[S](z) = S(z), /ori = 0, 1, - • ■ , 1 and * = 

+,-■ 

(2) . 0*(S)* = 0*(§ x ') ; ©*[S]* = /or any x G X. Moreover, S* 2 : = 

{©*[§](§ E S} is X-transitive, for * = +,-. 

(3) . X§ = Je«[g], and if § zs (X§, s)- arc-transitive, where s is an integer 

with 1 < s < 1, i/ien 0*[§] (Xe*[S], s)-arc-transitive. Particularly, 
0*[S] zs always (Xq*^, 1)- arc-transitive, for * = +,—. 

Proof. The fact that r > 2 ensures that G*[S] is nonempty. 

(1). Clearly, G*[§] C Arc l+1 (E,a Q ), 6* [§](!) C S. 

For any (o"o, r , Ti, • • ■ , Tj-i) E S, and (L, 1) 6 with <£s(L) = t and 
Cs(R) = 7, as 5 is X-transitive, there exists some x E X such that 
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h x = §, then (l x , 7 x ) G §(1). Since S* is (X, l)-arc-transitive, there exits 
some y G X s , such that 7^ = (tr , r ). Let T = M XJ/ , then (§, T) = 
(L, R) xy G 0, so (r , ti, • • • , n_i) G § ro = T(l - 1). Noting r > 2, thus 
there exists some t\ G V(£) such that (to, Ti,--- , Tj_i,Ti) G T, and 
that (a , r 0) ri, • ■ • , Tn, n) G Arc 1+ i(E). Hence (cr , r , n, ■ • • , n„i, m) 
G + [S] and so S C 6+ [§](!). It follows that 6+ [§](!) = S. 

On the other hand, let x be such that § = M. x , then similar analysis 
shows that Q~ [§](!) = §. 

(2) . For any x G X, it is not difficult to check that Q*(S) X = ©*(§*) . Then 

0*[§f = UTGe*(§)^( cro ' ro '' ri ''" ' r i-i' r i) e ^rc 1+ i(S,(To)|(o-o,i"o,ri,---, 

n-i) £ S, (Ten, • • • g 1} = UTG0*(§-){( a o,^o,n, ■ ■ • ,n~i,n) e 

v4rcn + i(S, a)|(c7o, r , Ti, • • ■ ,n_i) G S, (r ,Ti, • • • ,r H ,r,) G T} = 9*[S a ]. 

For any 0*[L], 0*[R] € S* 2 , where L, R e S, as S is X-transitive, there 
exists some x G X such that h x = E, then 6*[Lf = 0*[L*] = 9*[K]. 
Hence S** 2 is X-transitive. 

(3) . It is clear that X e *[§] < Xe*[s](i-i) = X§. For any x G X§ and 

(cr , To, Ti, ■ • ■ , t{) G 0*[S], then (cr , r , Ti, • • • , T|_i) G § and there ex- 
ists some T G 0*(S) such that (r , Ti, • • • , t{) G T. As x G X§, we have 
(o- , T , n, • • • , n) x G Arc m (E, aj) = Arc 1+i (E, a ), (a , r , n, • • • , n-i) x 
G S x = S, (to,^, -.nfePe 6*[S*] = 0*[S]. Thus X s < X e *[s], 
and hence X§ = Xe*[§]. 

For any o, J3 G 0*[S](s) = S(s), as § is (X§, s)-arc-transitive, there 
exists some x G X§ = Xe*[§] such that o x = J3, hence ©*[§] is (I"e*[§], s)- 
arc-transitive. 



Lemma 3.2 Lei E be a finite X -symmetric graph with valency b > 2, be 
an (X, 1)- arc-transitive orbit on DSt\{Ti), S = St(Q), where 1 > 1, 2 < r < 
b. For any § G S with center o~o £ we have 

(1) . The following two statements are equal: 

(1.1) . 0*[S] G 5tf +1 (E) /or some * G {+, -}. 

(1.2) . There exists some T G 9 ± (§) := + (§) U _ (S) with center To, 

such that X§ n X TQ = Xt n X ao . 

(2) . If there exists some § G Stj +1 (E) sncn inai §(1) = S, Xg = X§ and 

for some (cr ,7 ) G §(1), § 70 G 0*(S), i/ien statements (1.1) and (1.2) 
JioZd and § = 6*[S], /or * = +, -. 

(3) . If statement (1.1) or statement (1.2) holds, then all of the following 

hold: 
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(3.1) . For any L,l e S with centers i and 7, respectively, such that 

E g e ± (L) ; </icn linl 7 = lin X t . 

(3.2) . For any * G {+,-}, ieijj = {+, -}\{*}. Let O* 2 = {(0*[L], 9»[R])| 

(L, E) G 6}. Tnen /or any (L,E) G 6* 2 , X £ n X 7 = X § n X t , 
where l and 7 are i/ie centers ofh and E, respectively. 

(4). In case (1), i/we assume further that is self-paired, then G + (S) = 

e-(S) =: e(S), e+[s] = e-[S] =: e[S], s +2 = s~ 2 =■. s 2 and e+ 2 = 

0~ 2 =: O 2 is an X -symmetric orbit on DStl +l (E). 

Proof. 

(1) . Let § = 9*[S], & = (a ,T ,T U --- ,7i_i) G §(1) = S. By the analysis 

in Lemma O (1), there exists T G 0*(S) with C S (T) = r . Then 
P := (r , Ti, ■ • • , Ti_i) G T(l — 1). As |Tp| = r — 1, there exists exactly 
r — 1 different vertices tj, ■ ■ • , r^ -1 of £, such that (r , ri, • ■ ■ , r{) G T 
for i = 1, • • • , r — 1. Then (er , r , Ti, • • • , th, Tj) G §, and hence 
|§ M | > r - 1. 

(«<=) If |SJ > r, then there must be some E G 0*(S) \ {T} such that 
£s(E) = t . Since is X-transitive, there exists some x G X§ such 
that TP = E. Then, x G X§ H X TQ \ X T n X CT0 7^ 0, a contradiction. 
Hence = r — 1. It follows from the arbitrariness of © G S(l) and 
the fact that § G Stf(E) that § G 

(=3-) If X§ fl X ro 7^ Xt fl X CTo , then there exists some x G X§ fl X ro \ 
X T n X CT0 . Let 1 = T X G e*(S x ) = e*(S), then £ S (R) = t , I / T 
and T(l - 1) = E(l - 1) = § ro . Moreover, D/R\TC» \ E (TO)(To) , 
that is, there exists some t := (r , n, • • ■ , Tj_i, tj) G E \ T, such that 
p := (o- , r , ri, • ■ • , n_i) G S and that nj := (<r , r , n, ■ • • , r w , n) G 
©*[§]. By the previous analysis, there exists r — 1 different vertices 
Tj 1 , r 2 , • • • ,rj r_1 of £ such that (r ,Ti,-- - , ti_i,Tj) G T and <Uj : = 
(er 0) To,Ti, • • • jTi-i,^) G 0*[S] \ {<u}, for i = 1, • • • ,r - 1. Then 
{0, <ui, •■■ , r -i} ^ that is, I ©* [S] p I > r, contradicts S* 2 C 

5if +1 (E). 

(2) . Clearly, 0*(S) = {(§ 7() )1x G Xg} = {§ 7(? |x G X § } = {§ T0 |Kt ) G 

§(1)}. Thus, § = U ((TOiTo)g g (1) {(o- ,ro,r 1 ,-- - ,n) G Arci + i(E)|(a ,ro,ri, 

• ■ • ,n_i) G S, (r ,ri, - - - , Tj) G § ro } = UTee*(s){(°" ' r °' Tl ' " ' ' r i) G 
Arc 1+ i(E)|(a-o, r , n, ■ ■ • , tj_i) G §, (r , n, • • ■ , n) G T} = ©*[§]. Then, 
©*[§] = § G S , t[ +1 (S), therefore statement (1.1) holds, and hence 
statement (1.2) holds. 

(3.1). If statement (1.2) holds (then statement (1.1) holds), as is X- 
transitive, there exists some x G X such that {§, T} x = {L, E}. With- 
out loss of generality, suppose § x = L, then TP = E, a x = 1 and t x = 7. 
Hence X L nX 7 = X s * nX T , = (X s nX T ) x = (X T nX a ) x = x T * nx CT . = 

Xir n x t . 
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(3.2). By the proof of case (2), X^ = Xl and Xg = Xr, thus it follows. 

(4). If 6 is self-paired, then 0+(S) = {T G St(0)|(S,T) G 0} = {T G 
^(0)|(T,S) G 0} = 0-(S). Then^ 2 = {0+[T]|T G S} = {0~[T]|T G 
S}. Moreover, ©+[§] = 6~[S] and so 0+ 2 = {(0 + (L), _ (R))|(L, R) G 
0} = {(0-(L),0+(M))|(L,M) G 0} = 0~ 2 . 



Lemma 3.3 Let £ be a finite X- symmetric graph with valency b > 2, be 
an (X, I) -arc-transitive orbit on DStl(E), where 1 and r are integers such 
that 1 > 1 and 1 < r < b. Let Q { = 0(i) := {(L(i),R(i))|(L,R) G 0} for 
i = 1, ■ • • , 1, t/ien both of the following cases hold: 

(1) . 0j is an (X, 1)- arc-transitive orbit on DStf(E) for i — 1, • ■ • ,1. More- 

over, 0j = Oj(i) /or 1 < z < j < L 

(2) . // i/iere exzsfo some integer i, where 1 < i < J, such that 0j is self- 

paired, then Qj is self-paired for j = 1, ■ • • , i. 

Proof. Let Sj := S(i) for % = 0, 1, • • • , 1 

(1) . It is easy to see that 0; C DSt^E). For (S(i), T(i)), (L(i),R(i)) G f , 

as is X-transitive, there exists some x G X such that (S, T) 21 = 
(L, R), then (§(i),T(i)) x = (L(i), R(i)). For o, J3 G S»(l) = §(1), as 

is (X, l)-arc-transitive, there exist some y G X§ < X§ ; such that 
cv y = J3. It follows that 0j is (X, l)-arc-transitive. 

(2) . Suppose 0j is self-paired, where 1 < i < 1, for any (§.,■, Tj) G 0j, where 

1 < j < i, there exists (§;,Tj) G such that = §j(j),Tj = Tj(j'). 
As (Ti,Si) G i; hence (Tj,Sj) = (T,(j), € 0j, it follows that Sj 
is self-paired. 



Let £ be a finite X-symmetric graph, be an (X, l)-arc-transitive orbit 
on DStKY,), § G St(Q) . The following theorem shows that the subgroup 
sequence X§(j), for % — 0, 1, • • ■ , decreases strictly. 

Theorem 3.4 Let £ 6e a finite X-symmetric graph with valency b > 3, 

be an (X, I) -arc-transitive orbit on DStl(E), where 1 and r are integers 
such that 1 > 1 and 2 < r < b. Then there exists some integer h with 

1 < h < 1 such that for any (§, T) G with centers a,r G V(E), respectively, 
X a = X S (o) > X S (i) > ■ • ■ > X S (h) = • • • = X$(i) = X§ > 1 . Moreover, either 
of the following two cases occurs: 

(1). h = I, and X s( i) n X r ^ X T(i) n X CT , /or i = 1, • ■ ■ , 1. 
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(2). h < I, there exists a series {(§;,¥;) e 9, 6 DSt^E^i = 1,2,---}, 
such that all of the following hold: 

(2.1) . (Sj, Tj) = (S(i), T(i)) and 0; = 0(i) /or i = 1, 2, • • • ,1 

(2.2) . § i+1 = e+[Si], t <+1 = erpTi] e ^f +1 (E), e i+1 = e?, /or* = 

/l,/i + l,---. 

(2.3) . X a > X Sl > • • • > X §t = X Sb+1 = Moreover, X s(i) nl T ^ 

X T(i) n X CT; for i = 1, • • • , b - 1, and X Si H X T = X Ti n X ff; /or 
i = h, h + 1, • • • . 

Proof. By Lema l3~2l X§(j) = X§(j + i) for some integer % with l<i<l — 1, if 
and only if X§(j) PI X r = Xt(i) PI X CT . Thus if Xg(j) fl X T ^ Xr(j) n X CT for all 
1 < i < 1, then (1) holds. 

Otherwise, choose lh to be the minimal such that Xg^) H X T = Xjoa fl X a , 
where 1 < li < 1. Let Sj = Xg(j), 0j = 0(z), for % — 1, • • ■ , lh. For any i > h. 
such that X Si DX T = X Ti n X CT , let S m = ©+[§;], T l+1 = 0-[T;], then by 
Lema lX2"j X§ i+1 fl X r = X Ti+1 fl X CT , and hence it follows. 



Hereafter, for (E,X,0) G G, let p(E,X,0) := (b,r,L». 

Construction 3.5 Lei H be a finite X-symmetric graph with valency b > 2 , 
6e an X-symmetric orbit on DSt\(ll), where b,r and 1 are integers such 
that 1 > 1 and 2 < r < b. Then the ([J- double- star graph II(E, O) 
respect to defined to be the graph with vertex set St(Q) := {L, E|(L, R) G 
0} and edae se£ {{L,M}|(L,M) G 0}. 

For any finite graph denote by Com(\l/) the set of the connected com- 
ponents of and let c(\l/) := |Com(\l/)|. Let T be a finite X-symmetric 
graph with an X-invariant partition B on V^(r) such that is nonempty. 
Then c := c(T[B,C}) is independent of the choice of (B,C) G Arc(T B ). 
Let h be the maximal integer such that 1 < h < m and d = dh-i- Let 
p(r, X, $) := (v, k, r, 6, d, m, c, /i). 

Let E be a finite X-symmetric graph. In the theorem below, we study the 
structure of the {[J-double-star graphs of E by counting some useful param- 
eters. As a byproduct, we give a sufficient condition for the existence of 
(r, X, B) G Q such that = E and V is (X, s)-arc-transitive, for some inter 
s with 1 < s < 1. 

Theorem 3.6 Let (E,X,0) G G win p(E,X,0) := (b,r,l,Ji) , IT = 
II(E, 0) and S = St(Q). Then (II, X, S) G Q and all of the following hold: 

(1). For any § G S 1 , fe* %) := {T G 5|T(i) = §(2)}, S { : = {% } |S G S} 
/or 2 = 1, • • • , b. Then Si is an X-invariant partition on S = V(U), 
for £ = !,•■■ , lh, suc/i that S — Sq > S± > ■ ■ ■ > — 1. 
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(2) . I!* := n(E, 0(i)) ^ U Si for i = 1, • • • , Ji. Moreover, for any Se S, let 

:= {(S(i),T(i))|T G 0(S)}, 9 (M+1) := {(L (M+1) ,M (M+1) )|(L,M) G 
6}, then an X§(j + i)- symmetric T-star of Hi while O^j+i) is 

an X-symmetric orbit on DSt T (Ui) such that n i+ i = 11(11;, 0(j j +1 )) ; 
for i = 1, ■ ■ ■ ,h, — 1. 

(3) . For any (§, T) G 6, we have Com(T[Ss(o), <St(o)]) 3 Com(r [£s(i), St(i)]) 

D ■ • • D C , om(r[5§(i h _i), SrQh-i)])- 

(4) . Le^IT^X,^) = (vi.ki.ri.bi.di.m^c^hi), then mi = i, h { = i, r { = t, 

di = val(Tl)/r for i — 1, 2, • ■ • ,h.. Additionally, k/c = ko/co = k\jc\ = 
■■■ = fcih-i/ch-i > d. 

(5) . For any (§, T) G 6, where £s(S) = a and <£s(T) = r, either of the 

following cases occurs: 

(5.1) . d > 2 , Ji = 1 and X s nX T ^ X T n X a . IT is (X, I) -transitive. 

(5.2) . d = 1, h < I, and I§nl T = X T n X CT . Moreover, if § is 

(X§, s)-arc transitive for some integer 1 < s < \, then II is (X, s)- 
arc-transitiv e. 

Proof. 

(1) . For any integer i with 1 < i < Ji, clearly, Si is a partition of 5 = ^(11). 

For any § G 5 and x G X, Sg (i) = {T|T(z) = §(z)} x = {T G S|T(i) = 
§(i) x } = S§(i)x. Hence Si is an X-invariant partition. Moreover, it is 
not difficult to check that X5 S( .. = X§^ for i = 1, • • • , Ji. 

For any integer i with 1 < i < h — 1 and T G Ssu+i), then T(z + 1) = 
S(z+1) and hence T(i) = E>(i), that is, T G S§(j) and so Sgfi+i) ^ Ss(i)- If 
Ss(i+i) = Ss(i), then X§(j + i) = X,g S( . +:L) = X Ss(i) = Xg^. Then Ih < z, a 
contradiction. Thus Ss(i+i) C iSs(i) - It follows that 5 = S\ > ■ ■ ■ > S^. 
Note that iSs(h) = {§} f° r an y §> G hence = 1. 

(2) . For any (§, T) G 0, as is self-paired, there exists some z G X 

such that (S,T)* = (T,S), then (§(z),T(z)) z = (T(i),S(i)) G Arc(ILj, 
(S's(i), Stq)* = (^ T (i), ^s(i)) e Arc(Il Si ). Let G = X s(i) then G = X 5s(i) . 
Thus IT, ^ Gos(X, G, G^G) n Sr 

For any r G V^E) such that (cr, r) G S(l), we have showed that there 
exists some T G S with center r such that (§, T) G 0, it follows that 
I §(1,1+1) I — t. On the other hand, if there exists some M with cen- 
ter V such that (S,R) G 0, then R(i) = T(i) = {(r,ri,--- ,7*) G 
ArQ(S)|(cr, r, ri, • • • ,Ti) G S(i + 1)} U {(r, a, 0+, • • • , <Ti_i) G ArCi(E)| 
(a, fTi, • • • , o"j_i) G §(? — 1)}. It follows that |§( iji+ i)| = r. It is not dif- 
ficult to check that X§ (M+1) = X s(i+1 ) and S (i)i+ i) G St* (Ik) is X S( . . +1) - 
symmetric. 
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For any z E X such that (§, T) z = (T, S), clearly, (S^i+i), T^j+i)) 2 = 
(T^j+i), S^j+i)) G 6(^4+1). It follows that is a self-paired X- 

symmetric orbit on DtSt^ILj. Let G = X§ { . , + = X§( i+ i), then = 

Cos(X,G,GzG) = ii(n u e {iil+1) ). 

(3) . Let a = C S (S), r = C E (T). For any L 6 S„\ {§}, such that § and 

L are in the same connected component of II [S^, S T ], then there exists 
a 2j-path [8 = So,Ti,Si,--- , Tj,Sj = L] of II [S^, SV]), where j > 1 
and §j G S'o-, Tj G 5V for i = 0, 1, • ■ • ,j. For any < i < j — 1, as 
(T m A),(T m A+i) e ©, hence ^(li - 1) = § m (Ji - 1). And so 
L(h - 1) = S(h - 1) G Ss( h -i) e ^-i- Thus it follows. 

(4) . By the analysis in (1) and (2), we have that m, = i, hi = i, rj = r, 

di = val(U)/r, for z = 1, 2, ■ • • , li. By (3) we have fcj/cj = fc/c > d for 
i = 1,2, ■•• ,Ji- 1. 

(5.1) . If X § n X T ^ X T n X CT , then there exists x G X s n X T \ X T n X CT 7^ 0. 

Then (§, T), (§, T"') G ArciIi[S a , S T )), where T ^ T*. It follows that 
d > 2. As r = r > 2, II is (X, 1) -transitive. 

(5.2) . Otherwise, I§nl T = X T n X CT . If there exits R G 5 T such that 

(§,R) G 6, then there exits some x E X such that (S, T) x = (S,R). 
Then x G X§nX r = X T nX ff , and hence R = TP. It follows that d = 1. 

If § is (X§, s)-arc-transitive, for some integer s with 1 < s < 1, let (§ = 
§0, Si, • ■ • , S s ), (S = Lo, Li, • • • , L s ) G Arcsili, S), and let C E (Si) = a,, 
€ s (Li) = ij for i = 0, 1, • • • , s. Clearly <Uj := {a s - h cr s _ i+1 , ■ ■ ■ , cr s ) G 
ArCj(S) for z = 1, ■ • • , s, and <ui G § s _i(l). Suppose <Uj G S s _j(i) for 
some 1 < i < s — 1, then as (S s _j_i, § s -i) G and cr s -i-i 7^ <7 s _i + i, 
we have <Pj + i G § s _j_i(z + 1). Hence we have <u s G S(s). Similarly, 
P s := (io, ■ ■ ■ , i s ) G S(s). Then there exists some x E § such that 
«, = J3g. If there exists some < z < s — 1 such that 7^ Lf +1 , choose 
i to be the minimal. Then (§ f , § i+1 ), (Sj, L? +1 ) G Arc(Jl[ai, a i+ i\) , that 
is, d > 2, a contradiction. Hence (So, Si, • ■ ■ , S s ) = (L , Li, ■ • • , ~L S ) X , 
it follows that n is (X, s)-arc-transitive. 



Here we give some examples to show the construction of (X, s)-arc-transitive 
imprimitive graphs which are not multicovers. 

Example 3.7 Let E be the complete graph with vertex set {1,2,3,4,5}, X = 
A 5 < S 5 = Aut(E), z = (15)(24) G X, then E is (X, 2) -arc- regular. Let 
§ ={(1,5), (1,4), (1,3)}, T = {(5,1), (5,2), (5, 3)}, 9 = {(§, T)*|x G X}. It 
is not difficult to check that (S, T) z = (T, S) and is an X-symmetric orbit 
on DSt 3 (E) such that X s n X 5 = X T n Xi = 1. Let T = n(E, 6), then T is 
a connected cubic (X, 1) -arc-regular graph. 

For any integer n > 1 and 1 < q < n, let [n] := {1, 2, • ■ ■ , n}, and let [n]^ be 
the set of the g-subsets of [n]. For n > 2, the odd graph O n is defined to be the 
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graph with vertex set [2n — l]( n *\ and two vertices are adjacent of and only 
if the corresponding subsets are disjoint. By pQ, Aut{O n ) = Sym([2n — 1]). 

Example 3.8 Let E be the Peterson graph O3, and let X = A 5 < S 5 = 
Aut(0 3 ), then E is (X, 2) -arc-regular. Let x = (13524) £ X. On the one 
hand, let a = {1, 2} £ ^(E). For any integer i > 0, let §j = {(a, a y , a y , • • • , 
cr yI )|w £ {x,^" 1 }}, then £ S'ij(E) wift center a, fori > 1. Moreover, 
X a = X §0 > X Sl = X §2 = wnere X CT = {(1), (345), (543), (12) (34), 
(12)(35), (12)(45)}, X Sj = {(1), (12)(35)} and Sj (X§., 2)-arc-iranszto;e /or 
all % > 1. 

On £/ie oiaer hand, let r = {3, 4}, and fori > 0, /ei Tj = {(r, r 2 ', r 2 ' 2 , ■ • • , T y ')| 
y £ {XjX" 1 }}. Then Tj £ 5t?(E) center r, for i — 1, 2, ■• • . Moreover, 
X T = X To > X Tl = X J2 = where X T = {(1), (125), (521), (34)(12), 
(34)(15), (34)(25)}, X Ti = {(1), (34)(25)} and T< (X Ti ,i)-arc-transitive for 
alii > 1. Additionally, it is not difficult to check that 0j := {(§,, Tj) x |x £ X} 
a self-paired (X,i)- arc-transitive orbit on DSt?(E) for all i > 1. Lei 
II = n(E, 6), and Jet * = [{1, 2}, {3, 4}, {5, 1}, {2, 3}, {4, 5}, {1, 2}], then * 
is a 5-cycle o/E suc/i i/iai II = 6^> is (X, s)- arc-transitive for all s > 1. 

Example 3.9 Consider the odd graph O4, Zet X = A 7 < SV = yktt(04), iaen 
O4 (X, 3) -transitive (see, for example, J^). Set 

(456,123,457) ' 
(456, 123, 567) 
(456,127,345) 
(456,123,356) >- 
(456,137,245) 
(456,137,256) 

Clearly, § £ St\(0±), and simple counting shows that X§ = (Sym{{A, 6, 7}) x 
Sym({2, 3})) D A 7 = {(1), (467), (764), (46)(23), (47)(23), (67)(23)} and that 
§ is (X§, 2) -arc-transitive. One can check that (S, T) is a ^-double- star of 
4 with (§, T) z = (T, S), toat is, 6 := {(§, T) x |x £ X} is a self-paired (X, 2)- 
arc-transitive orbit on DSt\(0±) . Moreover, X§ D X{ 4 56}= Xt fl Xn 23} = 
{(1),(23)(46)}. 

Lei T = O3, T = T(K, <fi) be the double covering graph of O3, where K = 
Z 2 = and the function <fi, which assigns a to each arc of O3 is a Z 2 - 

chain of 3 . Let II = n(0 4 , 9), then simple analysis shows that II = 12r 
is (X, 2) -transitive. In the Figure 2, we depict O4 and one of the connected 
components Y (up to isomorphism) of IT. 



(123,456,127) 
(123,456,137) 
123,457,126 



(123,457,136) 
(123,567,124) 
123,567,134) 
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the odd graph O4 a 2-fold cover of the peterson graph 



Figure 2. An (X, 2)-arc-transitivc graph with an (X, 3)-arc-transitive quotient 

Example 3.10 For any integer n > 3, let £ be the complete bipartite graph 
with bipartition {ti\i = 1,2, ••• , n}U{7i|i = 1,2, ••• ,n}, X = Aut(X) = 
Symdn^lSymdi^}), § = {{i^i^i G [n]\{l},j G [n]\{l,i}}, T = 

{(72,ti,7j)|i e N \ {2},j e M \ {2,*}} ; to (s,T) g D^r 1 ^), x § = 

Sym([n]\{l}) and§> is (X§, 2) -arc-transitive. Let z = {t\ 72) (12 7i)(^3 73) ■ • ■ 
0* li){in In) G X, ^en (§,T) 2 = (T,S), that is, 9 := {(§,T) x |x G X} 
a self-paired (X, 2) -arc-transitive orbit on DSt^ -1 ^). Moreover, it is 
not difficult to check that X§ fl X L2 = Xj fl X 71 = Sym([n] \ {1,2}). Let 
II = 0), then II = n(K ntn — nK 2 ) is (X, 2) -arc- transitive. 

In Section El for (T,X,B) G Q, we have defined S { : = {r B .[r]|r G V(r)}, 
6, := {(r s Jr],r Bi [cT])|(r,cr) e Arc(T)} , B i+1 = £ r (^i) for i = 0, 1, . . . ,m-l. 
For the sake of convenient, we continue to define Si := {rgjr]|r G V(r)}, 
6, := {(r Bi [r],r Bi [cr])|(r,cT) e Arc(r)} , = ^(50 for i = m,m + l, . . .. 
Then it is clear that £ m = S m+1 = • • • , O m = Q m+1 = ■ ■ ■ , B m = B m+ i = ■ ■ ■ , 
and Tk = Tr ,.=••• . 

Let T be a finite graph with a partition i3 on V(r). For any o G V(T), let 
B(a) be the block of B which contains a. Let Arci(Ti3,a) := {(B(a),B(ai), 
■■■,B((Ji)) G ArCiiT B ) I (o", £7i, ••• ,ai) G ArQ(r)}. Then ArCi(T B ,a) C 
Arc, (r B , B(f7)) is X-symmetric. 

In order to complete the proof of our main result, we need to give some 
necessary lemmas and theorems at the end of this section. 

Lemma 3.11 Let (T,X,B) G Q, £7, 1 G V(T), i,j be two nonnegative in- 
tegers, then Arci{Tjs j , a) = Arc^T^^t) if and only if B i+ j(cr) = Bi + j(t). 
Moreover, X ArCi{rB ^ a) = X Bi+j{a) . 

Proof. Fix j, then the case of i = is trivial. 
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(<=) Suppose it follows for some i > 0. For any (a, ai, • • • ,ai,a i+ i) G 
Arc i+1 (T) such that (jB,-(er), jBj(ai), • • • , Bj(a i+ i)) G Arc i+ i(r Sj ), as i G 
£>i + i(o"), there exists ii G T(i) such that ii G Bi(o~), then ArCj(r^ = 
Arc^rB^^cxi)), hence there exists (ti, • • • , G ArctiT) such that (Bj(ii), • • • , 
^•(ii+i)) G ArQ(r^). Then (l, ) G Arc m (T) and (#,■(<,), #?(0> • • ' , 

Bj(ii +1 )) G Arc i+ i(T B .). Thus Arc m (T Bj , a) C Arc i+1 (r Bj . , t) . Similarly, 
^c i+ i(r Sj , t) C Arc m (r Bj , a), and hence Arc i+ i (T B . , a) = Arc i+1 (T Bj , l). 

Suppose it follows for some i > 0. Then for any ai G r(cr), as 
^4rCj(r B , a) = 74rCj(r B ., i), we have Bj + j(a") = £> i+J (z.), hence there ex- 
ists some i\ G such that i\ G Sj +:;+ i(cri). Let § = Arc i+ i(T B . , cr) = 
Arc m (r Bj , t), then Arcj(r Bj , a{) = Ard(T Bj , a) = S Bj{ai) . Hence B i+j (a 1 ) = 
B i+j {Li), that is, T Bi+j (a) = T Bi+j , hence B i+j+l {a) = B i+ j +1 (i). 

For any x G X^r^, as Ard{T Bp a x ) = ArCi(T Bj ,a) x = ArCi(T Bj , a), 
hence B i+j (a) x = B i+j (a x ) = B i+j (a), thus we have X Arc .(r Bj!(T ) < X Bt+3{a) . 
On the other hand, for any x G X B . + .^, B i+ j(cr x ) = B i+ j(cr) x = B i+ j{a), 
hence Ard(T Bj , a) x = ArCi(T Bj ,a x ) = ArCi{T Bp a), thus x G X Arc .(r Bj>a ), 
and so X Bi+j(a) < X ArCi{ p Bj>a ). It follows that X Bi+j{a) = X ArCi (r Bp(T )- ■ 

Lemma 3.12 Let(T,X,B) G Q, (a,r) G Arc(T), (a, 7) G Arc(r[B(«7),B(r)]) 
siic/i £/ia£ i3j (cr) = Bj(i) for some integer j > 1. If dj_i = d, then £>j_i(r) = 

Proof. 

Since t G £>j(cr), there exists some 5 G T(i) fl £>j_i(r) 7^ 0. On the other 
hand, as d = gL,_i, 5 G (7), hence £>.,_i(t) = £>.,_! (7). 



Theorem 3.13 Let (T,X,B) G £ with p(T,X,B) = (v,k,r,b,d,m,c,h), 
then we have: 

(1) . For any {a, r} G E(T), Com(T[B(a), B(r)}) D Com{Y[B x {a), B x {t)\) d 

-DCom(r[B fc >)>B*-iW])- 

(2) . := {Arcj(r B , a)} an X -symmetric orbit on StliTs), while ©j : = 

{(Arci(T B , a), Arci(T B , r))|(cr, r) G y4rc(r)} ; is a self-paired X -symmetric 
orbit on DSt^(T B ) such that T Bi = II(r B , ©j), for i = 1, • • • , h. 

Proof. 

(1). Let ^ = Com(r[£(cr),£(r)],cr), then for any 1 G V{V) there ex- 
ists some (a = ao,Ti, ■■• ,Tj-i,<Tj = l) G Arcj(^), where j > 2 
is an integer. For any integer z with 1 < % < j — 1, let = 
r[jB /l _i(cr i _i) )J B h _ 1 (r i )], then as rf^-i = d, we have cr i+1 G ^(n) = 
^h-i( T i), and hence cr i+ i G Bh-\{vi-\)- It follows that t G i3/ l _i(cr J ) = 
/B h _i(o-j_i) = • • ■ = 



17 



(2). Clearly, Si is an X-symmetric orbit on Sti(T B ). Suppose it follows for 
some 1 < i < h — 1. Let § = Arci + i(T B , a). For any (cr , ai, • • • , cr^) G 
y4rQ(T,cr) such that (S(cr ), S(oi), • • ■ , S(crj)) G §(z), we are going to 
show that |S | = r — 1. Clearly, |S„| > |r s (cr^) \ {i3(crj_i)}| = r — 1. 

For any (t ,Ai,--- , ti) G ArQ(r,cr) such that B{ij) = B(o~j) for j = 
0, 1, ■ ■ • ,i, by Lemma [3.121 as Bh(&o) = Bh(to) and c^-i = d, we 
have that Bh-i{&x) = Bh-i(ii), repeat this analysis we will have that 
B h -i{(Ti) = B h -i(Li). So r Bfc _._ 1 («7 i )r Bh _ i _ 1 (ti). Thus r B (ai)\S(ai_i) = 
rs('-i) \ B{ii-\). It follows that |S W | = r — 1 and so is an X- 
symmetric orbit on Stl(T B ). Hence it follows for all % — 1, 2, • • • , /i. 

As T is X-symmetric, it is not difficult to check that 0j is a self-paired 
X-symmetric orbit on DStl(T B ) for % — 1, 2, • • • , /i. 

For any (a, r) G Arc(r), as V is X-symmetric, there exists some z£l 
such that (<j, r) 2 = (r, cr). Let Gj = Xy^wr^o-), then by Lemma [3.111 
= X Bi(<7) , and hence T Bi Cos(X, G u G.zG,) = U(T Bi , 0,). 



Theorem 3.14 Lei (r,X,B) G £ r > 2 and d = 1, such that Y 

is (X, s)- arc-transitive for some integer s > 1. Lei / = max{s,m}, then 
:= {(ArQ(r,B, a), Arci(T B , t))|(<t, r) G Arc(T)} is a self-paired (X,s)-arc- 
transitive orbit on DStKTg) such that XA r ci(r s ,a-)^^B(T) — X4rc i (r B ,T)nX B ( (T ) ■ 
Moreover, Il(r i g, 0) = T Bm is (X, s)- arc- transitive. 

Proof. As d — 1, we have h = m. Then by Theorem 13 .13[ n(r,g, 0) = T Bl — 
T Bm . Again by d — 1, we have T = T Bm or T is a cover of T Bm , hence T Bm is 
(X, s)-arc-transitive. I 



4 Proof of the main results 

In this section, we are going to prove Theorem 11.11 
(<=) 

(a) . If there exists a self-paired X-symmetric orbit on DSt r (E), let T = 

n(S, 0), S = St(Q), B = {S a \a G V(E)}, where S a := {§ G S|£ s (§) = 
a} for any cr G then by Theorem [2J2J (r,X,B) G £?, T is (X, 1)- 

arc-transitive. 

(b) . Let z G X {lW} \ X (CTiT) 7^ 0, then z G X W } \X^ and z G X {ovr} \ X (o . jT ) . 

Thus (ij,5) z = (5,-0) and (cr,r) z = (r,cr). Let G = X a , H = X^, 
T = Cos(X,H,HzH), then T ^ e^, where e = \E(E)\. Let £ = {[G x : 
H x ]\x G X}, then (T,X,B) G £ with r = \H : (H D G z )\ = I and 
r B = Cos(X, G, GzG) S. 
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(c). Let T = n(S, 6), S = St(e), B = {S a \a E V(E)}, where S a := {§ E 
S|C E (S) = a} for any a E V(E), then by Theorem EH (V,X,B) E Q, 
r is (X, s)-arc-transitive. 

(=>) Let (r, X,B) E Q such that Tg = E. If T is (X, s)-arc-transitive, then 
one of the following cases occurs: 

(a) , s = 1, let 6 = {(r B [cr],r B [r])|((7,T) G T}, then by TheoremEl 6 is a 

self-paired X-symmetric orbit on DSt r (T B ). 

(b) . If r = 1, then by [2j , T = eT[B(ip) : B{8)\ for any {ip, 5} E E(T). Let = 

rfjB^), then \I/ is bipartite, and as T is X-symmetric, T is (X, s)- 

arc-transitive if and only if \1/ is (Xym), s)-arc-transitive. Moreover, as 
s > 2, then t>a/(*) > 2, and so X v , < X (B( ^ )i6(5) ), X {v , j(5} < X {BW)>B(5)} . 
As T is X-symmetric, there exists z E X such that (ip, 5) z = {S,i/j), 
then {B^),B{5)) Z = [B{$),B($)), hence z E X {m \ X (<T)T) . 

(c) . Asr>2, b = 6>r + l>3. Also, for any ^ E V(T), there exits 5, 7 G 

r(^) such that B(6) + B(j). If d > 2, then there exits e e £(5) \ {5} 
such that (5,^,7) 7^ (6,1/), e) E Arc2(T), as T is (X, 2)-arc-transitive, 
there exists some x E X such that (6,if},y) = (5,ip,e) x . Then B(S) = 
B(S X ) = B(5) x = B(e) x = #(7), a contradiction, hence d — 1. Let 
Z = max{s,m + l}, 9 = {(Arc,(r B , a), Ar C/ (r s , r))|(a, r) e Arc(r)}, 
then by Theorem 13. 14} is a self-paired (X, s)-arc-transitive orbit on 
DSt^Ts) such that XA rci (r B ,a) H Xs( r ) = XA rC! (r B ,r) H X S ( CT ). 
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